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Abstract
Basic mathematical equations which describe the processes of sulphide oxidation and gas, heat and water
transport in waste rock dumps are presented and discussed. The governing equations account for gas and
water ﬂow, vapourisation and condensation with latent heat eﬀects, heat transport and mass balance. Gas,
water and solid phases are assumed to be in local thermal equilibrium at all times. Air is approximated as
an ideal three-component gas. Diﬀerent semi-empirical relationships between physical values are used:
Darcy’s law for ﬂuid ﬂow, ideal gas law, the Van Genuchten formula for the relationship between degree of
water saturation and pressure head, Mualem’s formula for the relative hydraulic conductivity as a function
of pressure head, etc. Some important global quantities, such as the fraction of sulphide sulphur oxidised
and the global oxidation rate, are deﬁned and considered as functions of time.  2002 Elsevier Science Inc.
All rights reserved.
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1. Introduction
The leaching of metals (such as copper, nickel, zinc, uranium, etc.) from some ores depends on
the conversion (oxidation) of largely insoluble metal sulphides to much more soluble sulphates.
The process can occur in large waste rock dumps of sulphidic material through which gas and
water can inﬁltrate (Fig. 1). Water transports the soluble oxidation products through the dump
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where further reactions occur between the gangue and the oxidation products. The concentration
of chemical components in drainage from the base of the dump is, therefore, a space and time
dependent process, which depends on sulphide sulphur oxidation rates, water inﬁltration rates
and chemical reaction rates. The driving process is the bacterially catalysed oxidation of materials
containing sulphide minerals [2,19,27]. The focus of this paper is a description of the space and
time dependent process of sulphide sulphur oxidation in waste rock dumps but a description of
this kind has application to both leach heaps, for the extraction of such metals as copper and zinc,
and to biooxidation heaps, for the oxidation of refractory gold ores [3,37].
A waste rock dump may measure from several metres to several tens of metres in height
(typically about 20 m) and several hundreds of metres in width (typically about 600 m) although
heights of 100 m and lateral dimensions of some kilometres are not uncommon. As the time to
consume any oxygen in the pore gas is very short (hours to days) compared to the time scale for
sulphide sulphur consumption (years to hundreds of years) it is reasonable to assume that the
initial oxygen concentration in the dump is zero. It follows from this assumption that oxygen
enters the dump at the atmosphere–dump interface by the process of molecular diﬀusion. Initially,
the oxidation reaction is conﬁned to the surface layers of the dump. The heat released from
sulphide sulphur oxidation causes small changes in the gas density within the dump but even more
pronounced gas density changes arise from the oxygen depletion in the pore gas phase due to its
consumption in the chemical reaction with sulphide sulphur. These two processes induce gas
convection within the dump and in so doing increase the rate of atmospheric oxygen transport
into the dump. Generally such convection is conﬁned to the edges of the dump. Under some
conditions, which are more usually found in biooxidation heaps than in waste rock dumps [5,31],
convection propagates from the edges to the central regions of the heap; under other condition,
which can be encountered in waste rock dumps, convective cells can enhance the overall oxidation
rate in the dump [17,18].
The importance of the transport of oxygen as a rate control mechanism was demonstrated by
Cathles and Apps [7] who sought to model oxidation of sulphides in copper heap leach dumps.
This work was followed up by Cathles and Schlitt [8] where the focus of interest was still copper
heap leach piles. The emphasis was on modelling convective transport of oxygen. Davis et al. [10–
12] considered the case where oxygen transport was a two stage process: diﬀusion through the
pore space of a waste rock dump followed by diﬀusion into reactions sites within the particles
comprising the dump. The model was one-dimensional and was applicable to columns or large
Fig. 1. A schematic vertical cross-section of a waste rock dump.
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‘‘thin’’ heap where convection is negligible. Pantelis and Ritchie [28–31] extended this work to
include both diﬀusive and convective transport where the interest was on sulphide oxidation both
as a source of acid rock drainage from waste rock dumps and as a means of pre-treating refractory
gold ores. Further work has been reported on sulphide oxidation in waste rock dumps
[15,16,20,21,38] and in copper heap leach piles [5,6,13]. All of this work has in common the de-
velopment of models, which take into account gas, water and heat transport and the consumption
of oxygen from the gas phase and sulphidic sulphur form the solid phase. The equations and
constitutive relations incorporated in these diﬀerent models tend to vary, the variation reﬂecting
emphasis on details of processes comprising the overall transport process.
The purpose of this paper is to present a set of equations and constitutive relations that describe
gas, water and heat transport in a pile of sulphidic wastes where oxidation of sulphide sulphur is
the major component of oxygen consumption and heat production in the system. The pile is
modelled as a three-phase system consisting of a rigid solid porous phase through which ﬂow gas
and water phases. Information is presented on the functional dependence of such parameters as
the diﬀusion coeﬃcients, thermal conductivities, viscosities, heat of vapourisation of water and
saturated water vapour pressure on such variables as temperature, soil moisture content and
matrix suction. Some relations are given for the dependence of the consumption rate of sulphide
sulphur on temperature, the oxygen concentration in the pore space and the mass fraction of
sulphide sulphur in the sulphidic material. Part of the temperature dependence reﬂects the tem-
perature dependence of the bacteria that catalyse sulphide sulphur oxidation. For simplicity of
presentation it is assumed that the sulphide sulphur is composed entirely of pyrite. The equations
are presented in such a way that the extension to include other sulphides is obvious. Similarly the
extension to include gas species, other than the oxygen, water vapour and nitrogen considered
here, is also straightforward.
A similar set of equations is the basis for the code FIDHELM [28] which is a 2D, ﬁnite dif-
ference code. In this code the temperature dependence of such parameters as diﬀusion coeﬃcients,
viscosities and thermal conductivities was ignored largely because physical conditions within a
waste rock dump reach a pseudo steady state which pertains in most cases for decades or longer.
Simulations using this code have provided insight to the evolution of primary pollutant generation
in waste rock dumps and to the eﬃcient operation of biooxidation and leach heaps [29–32,35,36].
2. Balance laws
Consider a two-dimensional model of a dump which is comprised of pyritic ore lying on a
relatively impermeable and insulating ground surface, denoted by Cb, as depicted in Fig. 1. The
sides and upper surfaces, which represent the atmosphere–dump interface, are denoted by Ca. It is
assumed for simplicity that the physical properties of the solid matrix as well as the ﬂuid com-
ponents are isotropic in space, although this restriction is not essential.
The mathematical description that follows is based on macroscopic equations for multi-com-
ponent ﬂows through continuous reactive porous media. A system is considered that consists of
oxygen in air in the gas phase, water in both the liquid and gas phase (as water vapour in air) and
a solid phase. The bulk phase density, qa, of each phase: gas, liquid (water) and solid (a ¼ g, w, s,
respectively), is related to the intrinsic density, qa, by
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qa ¼ eaqa; ð1Þ
where the volume fractions of the a-phase, ea, must satisfy the relation
eg þ ew þ es ¼ 1: ð2Þ
Generally speaking, each a-phase is assumed to be comprised of Na components. The con-
centration of component i in the a-phase (or the mass fraction of component i in the a-phase) is
written as xai ¼ qai =qa ði ¼ 1; . . . ;NaÞ, where the index a denotes the phase and the subindex i
identiﬁes the component within the phase. In particular, the mass concentration of a gas com-
ponent i, xgi, can be expressed in terms of the components intrinsic gas density qai by xgi ¼ qgi =qg
with the associated identitiesXNg
i¼1
xgi ¼ 1;
XNg
i¼1
qgi ¼ qg: ð3Þ
In this study a gas phase system comprised of three main components is considered: oxygen,
water vapour and the remaining portion of the gas phase, the latter of which is approximated
by nitrogen gas. Oxygen, water vapour and nitrogen are denoted components i ¼ 1, 2 and 3,
respectively, and have mass concentrations xo  xg1, xv  xg2, xn  xg3.
The liquid phase is considered to be comprised of water only, while the solid phase is assumed
to be comprised of sulphur and residual waste rock material (sand, clay, gravel, etc.). It is also
assumed that chemical reactions can take place between diﬀerent phases a but not between dif-
ferent species i within the same phase. Chemical reactions between species in the same phase can
be taken into account, but such reactions will not be considered in this paper.
The mass balance for component i in the gas phase can be obtained from the continuity
equation [26]:
oðqgxgiÞ
ot
þ div qgxgivgi
  DirðqgxgiÞ ¼ Sgi; i ¼ 1; . . . ;Ng; ð4Þ
where vgi is the intrinsic velocity of individual gas component i, Sgi is the production (or con-
sumption) rate of component i in the gas phase and Di represents the diﬀusion coeﬃcient in
porous media for component i through the gas phase.
It is assumed that the diﬀusion coeﬃcient in porous media, Di, can be expressed as
Di ¼ Kgðs; d; ewÞbDi; ð5Þ
where bDi is the intrinsic coeﬃcient of diﬀusion of component i in the gas phase and the porosity
factor, Kg, depends on the structure of porous material (pore tortuosity, s, and the constrictivity,
d) and the volumetric water fraction, ew. The tortuosity accounts for the tortuous paths of real
pores and the constrictivity accounts for the fact that the cross-section of a pore segment varies
over its length.
There are several diﬀerent empirical and semi-empirical formulae for the porosity factor,
Kgðs; d; ewÞ with some of them being fairly complex. A good review about the methods to estimate
eﬀective diﬀusion coeﬃcients and the comparison between diﬀerent analytical formulae and ex-
perimental data can be found in Ref. [9]. In our study, two of the simplest formulae for the
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diﬀusion of gas components are used. They can be considered, to some extent, as limiting de-
pendencies which give upper and lower bounds of the function Kg (for the details see Ref. [9]).
The upper bound estimate can be presented in the form:
Kg ¼ ds2
e2g
1 es ¼
d
s2
ð1 esÞð1 sÞ2; ð6Þ
where the ratio d=s2 is taken at ew ¼ 0 and ranges from 0.5 to 1; s is the degree of water saturation
and can be deﬁned as
s  ew
eg þ ew ¼
ew
1 es : ð7Þ
According to Collin and Rasmuson [9], the relation (6) gives much too high values at higher
moisture contents. The lower bound estimate corresponds to Currie’s formula (again see Ref. [9]):
Kg ¼ ds2
e5g
1 es ¼
d
s2
ð1 esÞ4ð1 sÞ5: ð8Þ
Both these dependencies are depicted in Fig. 2 on a semi-logarithmic scale.
Intrinsic diﬀusion coeﬃcients for both oxygen and water vapour in air depend on the tem-
perature, T, and pressure, p, [1] and can be represented as
bDi ¼ di 1 þ TH
7=4 p0
p
; i ¼ 1; 2; ð9Þ
where di is some constant coeﬃcient speciﬁc for each gas component (e.g., for oxygen do ¼ 1:78
105 m2 s1, for water vapour dv ¼ 2:19 105 m2 s1), H ¼ 273:16 C, p0 ¼ 1 atm and the tem-
perature is measured in Celsius. This dependence is depicted in Fig. 3.
One can consider the set of Ng independent equations (4) for Ng unknown variables xg;i and
then, to determine the variable qg with the help of the relationships (1)–(3). However, sometimes it
is more convenient to consider only Ng  1 independent equations of set (4) for Ng  1 variables
xg;i and one more independent equation for the variable qg, which can be obtained by summation
of all equations (4) over i by taking into account the relationships (3):
Fig. 2. Porosity factor, Kg, versus degree of water saturation s. Curve 1 corresponds to formula (6) while curve 2
corresponds to Currie’s formula (8) with d=s2 ¼ 0:67; es ¼ 0:6.
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oqg
ot
þ divðqgvgÞ ¼ Sg 
X
i
Sgi þ div
X
i
DirðqgxgiÞ
" #
; ð10Þ
where vg  ð1=qgÞPNgi¼1qgi vgi is the mass-averaged intrinsic velocity of gas ﬂow through the porous
medium. Note that in groundwater ﬂow theory the intrinsic velocity for gas or liquid phase, va, is
related to the so-called Darcy or seepage velocity, Va, by the relationship Va ¼ eava [26]. However,
in this paper only the intrinsic velocity is used for each phase. The last term on the right-hand side
of Eq. (10), div
P
iDirðqgxg;iÞ
 
, can usually be omitted so that Sg ¼
P
iSgi. This means that in the
case of relatively small concentration gradients, the total diﬀusive ﬂux of gas components is equal
to zero, while the particular ﬂuxes of individual components are non-zero (in essence, this will be a
diﬀusion mechanism). However, the ﬂux associated with the average velocity vg is caused by
external forces and not by diﬀusion processes.
For the liquid phase (which is assumed to be comprised of water only), the mass balance
equation is
oqw
ot
þ divðqwvwÞ ¼ Swðew; T Þ; ð11Þ
where the function Swðew; T Þ describes the water depletion/production processes. In this paper the
focus is on evaporation/condensation within the porous material. The functional form of the
source term Swðew; T Þ will be discussed in the next section.
The intrinsic water density, qw, is a constant with a high accuracy (its dependence on tem-
perature, pressure, salinity, etc. is negligible), therefore Eq. (11) can be reduced to an equation for
the volumetric water content, ew:
oew
ot
þ divðewvwÞ ¼  Swðew; T Þqw : ð12Þ
The solid phase is assumed to be rigid which means that vs ¼ 0. Additionally, no diﬀusive
transport occurs in the solid phase and only a single reactive species, sulphur, is considered so that
xs1  xs. The balance equation for the sulphur concentration, xs, is
qs
oxs
ot
¼ Ssðxo;xs; T Þ; ð13Þ
Fig. 3. Temperature dependence of the intrinsic diﬀusion coeﬃcients for oxygen (1) and for water vapour (2).
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where Ssðxo;xs; T Þ is the rate of consumption of the reactant in the solid phase. The nature of the
source term will be discussed in detail in Section 4.
3. Water evaporation and condensation in porous media
The rate of vapour production, Svðew; T Þ, is equal to the rate of water depletion, Swðew; T Þ al-
lowing these functions to be speciﬁed. The quantity of water vapour in a gas phase is usually
characterised by the humidity, h, which is the ratio of vapour density to the saturated vapour
density at the particular pressure and temperature:
h  q
v
qvsat
¼ ðT þHÞqgxvR
eglvP vsatðT Þ
; ð14Þ
where R ¼ 8:314 m2 kg C1 s2 mol1 is the universal gas constant, T is the temperature in C,
lv ¼ 1:8 102 kgmol1 is molecular mass of water vapour and P vsatðT Þ is the equilibrium satu-
rated vapour pressure as a function of temperature. The dependence of P vsatðT Þ is depicted in Fig. 4
on the basis of data tabulated in the handbook [22].
The ideal gas law has been used in the formula (14) for water vapour at saturation, i.e., at 100%
humidity: pv ¼ ðqv=lvÞðT þHÞR. The humidity in porous media, in turn, can be represented
through the temperature, T, and the pressure head, w, by a simple formula [4]:
h ¼ exp lvgwðT þHÞR

 
: ð15Þ
Combining Eqs. (14) and (15) and using Eq. (2) one can obtain
qgxv ¼
ð1 es  ewÞlvP vsatðT Þ
ðT þHÞR exp
lvgw
ðT þHÞR

 
: ð16Þ
This means that the vapour density can be expressed algebraically through the other ﬁeld
variables, temperature, pressure head and volumetric water content (solid volume fraction, es, is
Fig. 4. Saturated vapour pressure as a function of temperature [22].
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assumed constant). In other words, it means that the vapour in unsaturated pore space is always
at local equilibrium with water due to the relatively fast process of diﬀusion relaxation (charac-
teristic time scale of the relaxation can be readily estimated to be less than 5 102 s). However,
vapour density can be unstationary on larger temporal scales (of order 1 s and greater) and can
vary in space.
Inasmuch as vapour density is presented by formula (16), one can invert the mass balance
equation for vapour and consider it as a deﬁnition of the source function Swðew; T Þ:
Swðew; T Þ ¼
oðqgxvÞ
ot
þ div qgxvvg
  DvrðqgxvÞ: ð17Þ
4. Models of source terms for sulphur depletion
The depletion of sulphide sulphur is assumed to occur by way of a single reaction, described by
the rate formula Ssðxo;xs; T Þ ¼ Soðxo;xs; T Þ=bg, where Soðxo;xs; T Þ is the rate of consumption of
oxygen and bg is the mass of oxygen consumed per mass of sulphur in the oxidation reaction.
There are several expressions which have been used for the intrinsic oxidation rate (IOR),
Soðxo;xs; T Þ. Essentially, they are based on two main models:
The Monod model (MM-model):
Soðxo;xs; T Þ ¼ SmaxAðT Þ exp


 Ea
R
Tm  T
ðT þHÞðTm þHÞ

xo
Xo
r1 þ 1
r1 þ xo=Xo
 
xs
Xs
r2 þ 1
r2 þ xs=Xs
 
;
ð18Þ
where Smax is the maximum value of IOR (Smax is assumed to be measured at some temperature
Tm); r1, r2 are empirical constants; Xo and Xs are the initial oxygen and sulphur mass fractions,
respectively, and Ea is the activation energy. The factor AðT Þ is a smooth function of temperature
equalling unity for T < Tsick and monotonically decreases to zero for Tsick6 T 6 Tkill, where Tsick
is the temperature at which catalytic activity of micro-organisms begins to diminish and Tkill is
a temperature at which micro-organisms cease to be eﬀective as catalysts. Qualitatively this is
depicted in Fig. 5a.
The bilinear model (LL-model) is fairly simple:
Soðxo;xs; T Þ ¼ SmaxAðT Þ exp


 Ea
R
Tm  T
ðT þHÞðTm þHÞ

xo
Xo
xs
Xs
: ð19Þ
A sketch of function Soðxo;Xs; T Þ versus xo at ﬁxed arguments xs ¼ Xs and T < Tsick is depicted
in Fig. 5b for both above mentioned models. Qualitatively the same functions describe the de-
pendencies of SoðXo;xs; T Þ on the second argument, xs, at ﬁxed other arguments xo ¼ Xo and
T < Tsick.
In addition to these MM- and LL-models two other models are also possible, ML- and LM-
models, which are, in essence, combinations of the Monod (M) model for the oxygen and linear
(L) model for sulphur and vice versa.
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5. Thermal conductivity
Now we consider the equation of energy balance, which reduces to the equation of heat
transport. It can be derived readily for an elementary volume of porous medium comprising all
phases, gaseous, liquid and solid, by summation of particular heat equations for the separate
phases. Assuming that all phases are locally in thermodynamic equilibrium and have the same
temperature, one can obtain, following Nield and Bejan [26]:
ðqgcg þ qwcw þ qscsÞ
oT
ot
þ ðqgcgvg þ qwcwvwÞrT
¼ divf½jgðT Þ þ jwðT Þ þ jsðT ÞrTg þ bhSsðxo;xs; T Þ  bwSwðew; T Þ; ð20Þ
where ca is the speciﬁc heat capacity of the a-phase (gas, water or solid) at a constant pressure,
jaðT Þ is the coeﬃcient of thermal conductivity of the corresponding phase (which in general is a
function of temperature), bh is the heat of reaction per mass of sulphur associated with the ox-
idation reaction and bw is the latent heat of vapourisation per mass of water.
The thermal conductivity of gas (air) and water as functions of temperature are presented in
Fig. 6. In contrast, the thermal conductivity of a solid phase is practically constant within the
Fig. 5. (a) A sketch of the function AðT Þ. (b) A sketch of the functions Soðxo;Xs; T Þ for T < Tsick and Ea ¼ 0: 1––monod
model, 2––bilinear model.
Fig. 6. Thermal conductivity of air (a) and water (b) as functions of temperature [1,22].
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temperature range from 0 to 60 C. Measurements in waste rock dumps have yielded values in the
range from 0.71 to 3.31 W C1 m1 [34].
The heat of vapourisation of water versus temperature is presented in Fig. 7.
6. Darcy’s law for gas ﬂow
Gas ﬂow in porous media strongly depends on the degree of water saturation. When the degree
of water saturation is relatively small, s6 0:8, the gas phase is continuous and can ﬂow freely
through the porous medium. However, when the degree of water saturation is large enough,
sP 0:9, the gas phase becomes disconnected and occluded [14]. In this case, it is assumed that the
average advective gas velocity is equal to zero (vg ¼ 0), but that gas diﬀusion still occurs through
the pore-water. There is no sharp threshold between these two limiting cases, and gas motion is
fairly complex in the transition range, 0:8 < s < 0:9. However, it is assumed, for simplicity, that
the boundary between free and diﬀusive motions is sharp and occurs at sc ¼ 0:85. At a small
degree of water saturation, s6 0:8, gas ﬂow through the porous media is described by Darcy’s law
[26]:
vg ¼ KinkgðsÞ
egqgmg
ðrpg þ qggrzÞ: ð21Þ
Here Kin (in m2) is the intrinsic coeﬃcient of medium permeability at s ¼ 0 (i.e., for a completely
dry medium). It is determined only by the intrinsic structure of the medium and does not depend
on the nature of the ﬂuid. Its values are given in the Table 1. The other parameter, kgðsÞ, is the
relative coeﬃcient of permeability of the unsaturated medium with respect to gas phase, and de-
pends on the degree of water saturation, s, and can be approximated by the Brooks and Corey
formula (see Ref. [14]):
kgðsÞ ¼ ð1 sÞ2ð1 s1þ2=kÞ; ð22Þ
where k  4:17 is a ﬁtting parameter. This dependence is shown in Fig. 8.
Further, mgðT Þ is the kinematic viscosity of the gas phase (air) which is temperature dependent
(see Fig. 9); g is the acceleration due to gravity; pg is the total intrinsic gas pressure: pg ¼PNgi¼1pgi ,
Fig. 7. The heat of vapourisation of water versus temperature [1].
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and pgi is the partial gas pressure of the each gas component. It is assumed that the ideal gas law
applies for the component i
pgi ¼
R
li
qgi ðT þHÞ; i ¼ 1; . . . ;Ng; ð23Þ
where li is a molecular weight of the component i (in kgmol
1) and the temperature, T, is
measured in C. By summation over i we get
pg ¼ ðT þHÞRqg
XNg
i¼1
xgi
li
: ð24Þ
In many cases the gas density, qg, can be considered as a constant, which leads to some sim-
pliﬁcation. Similarly, the last term in Eq. (21), qggrz, can often be omitted due to its small
relative magnitude with respect to the previous term, rpg, representing the gradient of gas
Fig. 8. Curve 1: dependence of the coeﬃcient of relative permeability of unsaturated medium with respect to gas phase,
kgðsÞ, on the degree of water saturation, s. Curves 2–4: analogous dependences of the coeﬃcient of relative hydraulic
permeability with respect to water phase, kw, for diﬀerent values of parameter n [see formula (29)]: 2––n ¼ 1:1
(m ¼ 0:091); 3––n ¼ 2:0 (m ¼ 0:5); 4––n ¼ 3:5 (m ¼ 0:714).
Fig. 9. Dependencies of the kinematic viscosity of air, mgðT Þ, (asterisks) and water, mwðT Þ, (crosses) on the temperature
[1].
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pressure. However, whenever convective processes become important, neither can the gas density
be considered as a constant, nor can the gradient of the gravitational pressure, qggrz, be ne-
glected. More detail about the conditions of convection and approximations used are given by
Nield and Bejan [26].
7. Richards’ equation
For the liquid phase (water motion) Darcy’s law has a similar form to gas ﬂow [14]:
vw ¼  gKinkwðsÞ
ewmwðT Þ rðwþ zÞ: ð25Þ
Here Kin is the same as the intrinsic coeﬃcient of medium permeability given above; kwðsÞ is the
coeﬃcient of relative water (or hydraulic) permeability of unsaturated media (its dependence on s
is discussed below); mwðT Þ is the coeﬃcient of the kinematic water viscosity (its dependence on the
temperature is reﬂected in the Fig. 9); w  pw=qwg is the pressure head and z is the gravitational
(or the elevation) head which is equal to the elevation from some arbitrary reference level.
Substituting Eq. (25) into Eq. (12) leads to the Richards’ equation [24,33]:
oew
ot
 gKindiv kwðewÞmwðT Þ rðw


þ zÞ

¼  Swðew; T Þ
qw
: ð26Þ
To complete the set of equations, two additional relations must be added:
(a) the relation between the volumetric water content, ew, and the pressure head, w (the so-
called water retention curve); and
(b) the relation between the relative hydraulic permeability, kw, and the pressure head, w.
There are several diﬀerent formulations which can be used for these relationships. One of them
is the commonly used relationship between the degree of water saturation, s (or volumetric water
content, ew), and the pressure head, w, which is based on the Van Genuchten formula [39]:
s  ew
1 es ¼
1
1þ ðw=weÞn½ m
; ð27Þ
where we is some characteristic value of head (an empirical parameter related to the mean pore
size) and, in general, exponents m and n are also empirical parameters. Sometimes (fairly often)
the following relationship between these parameters is used just for simplicity: m ¼ 1 1=n, where
n is a parameter related to the pore-size distribution. In Fig. 10a the dependence of ew on w is
depicted for diﬀerent values of n.
The relative hydraulic permeability as a function of pressure head is often described by
Mualem’s formula [25]:
kw ¼
1 ðw=weÞn1 1þ ðw=weÞn½ m
n o2
1þ ðw=weÞn½ m=2
: ð28Þ
This is plotted in Fig. 10b.
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Combining the last two equations leads to the dependence of the relative coeﬃcient of water
permeability, kw, on the degree of water saturation, s (which in turn depends on the volumetric
water content in the medium):
kwðsÞ ¼ s1=2 1
  ð1 s1=mÞm2: ð29Þ
This dependence is depicted in Fig. 8 for three diﬀerent values of m. The basic set of equations is
now complete.
8. Static equilibrium gas conditions
It is convenient to remove the hydrostatic terms in the gas pressure and to solve for the pressure
perturbation relative to hydrostatic equilibrium. To this end, let T0 be the ambient temperature in
Celsius assumed to be constant in space and time and Xgi is the concentration of the gas com-
ponents at t ¼ 0 which is supposed to be equal to that in the ambient space at all time.
The total gas pressure can be represented as the sum
pgðr; tÞ ¼ p0 þ peqðzÞ þ ~pðr; tÞ; ð30Þ
where p0 is some constant value, peqðzÞ is the relative gas pressure at hydrostatic equilibrium and
~pðr; tÞ is the gas pressure perturbation relative to equilibrium (with ~pðr; 0Þ ¼ 0, r is the spatial
radius vector). The same formula is also valid for the gas density:
qgðr; tÞ ¼ qeqðzÞ þ ~qðr; tÞ ð31Þ
with ~qðr; 0Þ ¼ 0.
The static equilibrium relative gas pressure peqðzÞ is related to the ambient static equilibrium gas
density qeqðzÞ by
dpeqðzÞ
dz
¼ gqeqðzÞ: ð32Þ
Fig. 10. (a) Dependence of volumetric water content ew on pressure head w for diﬀerent values of n: 1––n ¼ 1:1
(m ¼ 0:091); 2––n ¼ 2:0 (m ¼ 0:5); 3––n ¼ 3:5 (m ¼ 0:714). (b) Dependence of relative hydraulic permeability kw on
pressure head w for the same values of n.
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This identity follows from Eq. (25) assuming steady state and a zero ﬂux boundary condition
applied at the lower surface. The equation can be rewritten in the form, taking into account the
ideal gas law:
dpeqðzÞ
dz
¼ g p0 þ peqðzÞðT0 þHÞRR ; ð33Þ
where R ¼PNgi¼1Xgi=li. Then, denoting peqð0Þ ¼ 0 the usual barometric formula is obtained
peqðzÞ ¼ p0ðegz=ðT0þHÞRR  1Þ: ð34Þ
It follows from Eq. (34) and the ideal gas law (24) that the static equilibrium gas density is
qeqðzÞ ¼ q0 egz=ðT0þHÞRR; where q0 ¼
p0
ðT0 þHÞRR : ð35Þ
These two last formulae represent the equilibrium static distributions of the main gas charac-
teristics, pressure and density, as functions of height.
9. Boundary and initial conditions
Let Ca denote the dump–atmosphere interface and Cb denote the dump–base interface (see Fig.
1). Let n denote the unit outward normal vector to the entire boundary C which is the closure of
Ca [ Cb. The following boundary conditions are then applied.
At the upper boundary ðr 2 Ca; tP 0Þ:
xoðrÞ ¼ Xo; xvðrÞ ¼ Xv; T ðrÞ ¼ T0; ð36Þ
and at the bottom boundary ðr 2 Cb; tP 0Þ:
ðn;rx0Þ ¼ 0; ðn;rxvÞ ¼ 0; aðT  TbÞ þ bðn;rT Þ ¼ 0; ð37Þ
where Xo, Xv are constants (see Table 1), Tb is the temperature at the bottom of the dump, a and b
are weight coeﬃcients: b ¼ 0 corresponds to the ﬁxed temperature at the bottom (Dirichlet
boundary condition for the temperature); a ¼ 0 corresponds to zero heat ﬂux at the bottom
(Neumann boundary condition for the temperature gradient); and the general case, a 6¼ 0, b 6¼ 0,
gives a mixed type boundary condition when a heat ﬂux at the boundary is not zero but depends
on the ambient temperature. The second condition (37) is used when water is draining heat from
the base of the dump. This is a good approximation when advective water transport is dominant
across the boundary.
The boundary conditions for the gas pressure are given by
pg ¼ p0 þ peqðzÞ þ ~puðr; tÞ; r 2 Ca; tP 0;
pg ¼ p0 þ peqðzÞ þ ~plðr; tÞ; r 2 Cb; tP 0;
ð38Þ
where ~puðr; tÞ, ~plðr; tÞ are the prescribed gas pressure perturbations at the upper and lower
boundaries, respectively.
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The initial conditions at t ¼ 0 for the main variables within the bulk of the dump, r 2 V , are
xo ¼ Xo; xv ¼ Xv; xs ¼ Xs; T ¼ T0; ew ¼ Ew; w ¼ w0ðzÞ; pg ¼ p0 þ peqðzÞ; qg ¼ qeqðzÞ:
ð39Þ
Typical values or range of values for these quantities are presented in Table 1. The initial con-
centration of the nitrogen, Xn, is related to the initial concentrations of oxygen, Xo, and water
vapour, Xv: Xn ¼ 1 Xo  Xv. In a particular case of zero water inﬁltration rate through the
dump, function w0ðzÞ  z, while in the general case of arbitrary inﬁltration rate it is a more
complex function.
10. Global quantities
There are at least two important quantities that are of special interest in monitoring of the
progress of oxidation in the dump.
The ﬁrst quantity is called the fraction of sulphide sulphur oxidised, FsðtÞ, and is a measure of
the total sulphide mass depleted in the dump at any given time:
FsðtÞ ¼
R
V qsðXs  xsÞdrR
V qsXs dr
: ð40Þ
The second quantity is the global or overall oxidation rate (GOR) of sulphur. It represents
the rate of oxidation of reactive sulphur in a dump integrated over those spatial variables over
which the sulphur oxidation rate is assumed to vary in the pile. In the general 3D case it is deﬁned
as
GORðtÞ   o
ot
Z Z
D
Z H
0
qsxs dzdxdy ¼
Z Z
D
Z H
0
Ssðxgo;xss; T Þdzdxdy; ð41Þ
where D is a lateral area of the dump.
All these quantities can be determined and plotted in a process of numerical solution of the full
set of equations. These values are directly related to the production rate of sulphate (SO4) in the
heap. According to the stoichiometric relationship for sulphide sulphur:
FeS2 þ 72O2 þH2O! Fe2þ þ 2SO24 þ 2Hþ
the rate of sulphate production is three times greater than the GOR [34].
11. Discussion and conclusion
A set of equations together with relevant constituent relations has been presented that describe
gas, water and heat transport in a pile of sulphidic material. The main focus is on the primary
pollutant generating process in waste rock dumps but the equations apply equally well to pro-
cesses in biooxidation heaps, leach heaps and to piles of material such as municipal garbage
dumps where modelling of gas, water and heat transport in the putrescible material can lead both
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to the eﬃcient degradation of the organic material and to eﬃcient the production of methane. In
these other applications it may be appropriate to include in the gas phase such components as
carbon dioxide and methane with appropriate source and sink terms. The set of equations has
been presented in such a way that it is clear how to include these additional component gases in
the gas phase. Similarly it is clear how to include chemical components in the water phase and
sulphides, additional to or diﬀerent from, pyrite in the solid phase.
The onset of convection cells [17,18] in waste rock dumps is a largely a consequence of two
factors: the density diﬀerence between atmospheric air and air from which oxygen has been re-
moved; and the low levels of oxygen in the inner regions of most waste rock dumps. The pro-
duction of methane in putrescible wastes could also give rise to convection cells depending on the
spatial distribution of methane production. It should be noted, however, that in both garbage
dumps and waste rock dumps the production of carbon dioxide could inhibit these convection
cells driven by density gradients resulting from spatial variations in gas composition.
Simulations of the physical conditions within waste rock dumps and biooxidation heaps ob-
tained using the code FIDHELM [28] indicate that temperatures can vary over a wide range
(100 C) [31] depending on temperatures external to the pile and the temperature dependence of
the bacterially catalysed sulphide sulphur oxidation rate. Most of the physical parameters that
determine rates of gas, water and heat transport (diﬀusion coeﬃcients, thermal conductivity, heat
of water vapourisation, coeﬃcient of water viscosity, etc.) are temperature dependent and cannot
be considered as constants. Thus, in this paper these parameters have been presented as a function
of temperature in either analytical, tabular or graphical form.
Many of the constituent relations given are empirical or semi-empirical. Most notable of these
are: the Van Genuchten formula for the relation between water content and pressure head; the
Mualem formula for the relation between relative permeability and pressure head; the formulae for
porosity factor Kgðs; d; ewÞ; and the relationship between humidity and temperature and pressure
head. In some applications of the equations other, and perhaps, simpler formulae may be ap-
propriate.
In this paper the source/sink term for water vapour (Eq. (17)) is a function, inter alia, of the
matrix water pressure. This type of dependence is important whenever conditions are such that
the matrix suction is expected to be high. This is expected to be so in waste rock dumps as they are
usually free draining, contain course material and are many metres high. Hence such a depen-
dence of the source/sink term for water vapour is more appropriate than the type often used
[14,23,24,40] which is more relevant to describing evaporation from an open pan.
Examination of the components of the sink/source term in the heat balance equation (20) re-
veals that in many situations the component associated with sulphide sulphur oxidation is an
order of magnitude or more greater than that associated with changes in the concentration of
water vapour in the gas phase. This is usually the case even in biooxidation heaps where aeration
leads to high gas ﬂow rates. Where the oxidation rate is low, for example in high temperatures
regions in a biooxidation heap or deep inside a waste rock dump when high oxidation rates limit
oxidation to the near surface, the heat source/sink term associated with changes in the water
vapour concentration can be important. Adequate prediction of the maximum temperatures
encountered in biooxidation heaps may well require inclusion of this term.
As presented in this paper no account has been taken in the mass balance for water (Eq. (11)) of
the quantity of water used in chemical reactions. Generally this quantity is small compared to the
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inﬁltration rate generated by rainfall in the case of waste rock dumps and surface irrigation in the
case of biooxidation and leach heaps. At mine sites where the rainfall rate is modest (say,
300 mm=yr  108 ms1) it appears possible to construct a cover on a waste rock dump that
reduces the inﬁltration rate through the waste material to about 1% of rainfall. If the cover does
little to reduce the overall sulphide oxidation rate in the waste rock then the water consumed in
chemical reactions can become large fraction of the inﬁltration rate. Even at the high sulphide
oxidation rates encountered in biooxidation and leach heaps, the water used in chemical reactions
in these applications is a very small fraction of the high inﬁltration rates deployed (typically 10
Lm2 h1  2:8 106 ms1).
It must be stressed that the systems considered are highly interactive and the equations pre-
sented to describe them are non-linear. The discussion in the two paragraphs above is justiﬁcation
of the inclusion of a term in the water balance equation but the exclusion of another. The jus-
tiﬁcation hinges on the fact that situations are foreseen where the ﬁrst term may be important in
the heat balance equation. Simulations of particular systems will indicate whether or not the
justiﬁcation is valid. Similarly the inclusion of yet other terms not considered here may well be
justiﬁed. As indicated above the model equations have been presented in such away that the
inclusion of terms describing additional processes is straight forward.
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Table 1
Parameter deﬁnition and their typical values or ranges
Quantity Deﬁnition Dimensions Value/range
cg Speciﬁc heat of air m2 s2 C1 1:01 103
cs Speciﬁc heat of solid phase m2 s2 C1 ½837; 1350
cw Speciﬁc heat of water m2 s2 C1 4:18 103
g Acceleration due to gravity m s2 9.8
m Free parameter (in general) of the Van Genuchten
formula (see Eq. (27))
Dimensionless m ¼ 1 1=n in our
study
n Free parameter of the Van Genuchten formula (see
Eq. (27))
Dimensionless ½1:1; 3:5
~pu, ~pl Gas pressure perturbations applied at the upper (u)
and lower (l) heap boundaries (see Eq. (38))
Pa ½102; 103
s The degree of water saturation (see Eq. (7)) Dimensionless 0; 1½ 
sc Conditional threshold value of the degree of water
saturation: at s6 sc, the gas phase in porous media
is assumed continuous and free, while at s > sc, the
gas phase is assumed occluded
Dimensionless 0.85
D^o Coeﬃcient of oxygen diﬀusion in air m2 s1 2:0 105
D^v Coeﬃcient of vapour diﬀusion in air m2 s1 2:5 105
Ea Activation energy Jmol
1 0; 7 104½ 
Ew Initial water volume fraction Dimensionless 0:1; 0:4½ 
H Height of a dump m 20; 70½ 
Ki Intrinsic coeﬃcient of medium permeability m2 1020; 107½ 
R Universal gas constant J C1 Mol1 8.314
Smax Maximum rate of sulphur depletion due to oxygen,
see Eq. (18)
kg(S)m3 s1 109; 106½ 
Tb Temperature at the bottom of a dump C 0; 30½ 
Tkill Temperature at which reactions cease to be
catalysed, see Fig. 5
C 60
Tsick Temperature at which catalysed reactions begin to
retard, see Fig. 5
C 40
T0 Ambient temperature C 0; 40½ 
bg Mass of oxygen used per mass of sulphur in the
oxidation reaction
Dimensionless 1:746
(continued on next page)
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Table 1 (continued)
Quantity Deﬁnition Dimensions Value/range
bh Heat of reaction per mass of sulphur associated
with oxidation reaction (see Eq. (20))
J kg1 (S) 2:19 107
bw Latent heat of vapourisation per mass of water (see
Eq. (20))
J kg1 2:45 106
eg Gas volume fraction in the dump material Dimensionless 0; 0:4½ 
es Solid volume fraction in the dump material Dimensionless 0:6; 0:8½ 
ew Water volume fraction in the dump material Dimensionless 0:01; 0:4½ 
jg Coeﬃcient of thermal conduction for air J s1 C1 m1 ½0:0241; 0:0284
jw Coeﬃcient of thermal conduction for water J s1 C1 m1 ½0:561; 0:654
js Coeﬃcient of thermal conduction for waste rock J s1 C1 m1 ½0:71; 3:31
lv Molecular mass of water vapour kgmol
1 1:8 102
mg Kinematic viscosity of air m2 s1 1:32; 1:88½   105
mw Kinematic viscosity of water m2 s1 1:79; 0:48½   106
qs Bulk density of solid phase kgm
3 ½1500; 2000
qg0 Atmospheric density of gas phase kgm
3 1.2
qw Intrinsic density of water kgm3 1000
r1;2 Intrinsic oxidation model parameters, see Eq. (15) Dimensionless 0:01; 0:05½ 
su;l Time parameters associated with the boundary gas
pressures (see Eq. (38))
s 3:6 105
wc Characteristic value of pressure head m 0:073;0:26½ 
Xo Initial mass fraction of oxygen in gas phase
(normally taken to be mass fraction in air)
Dimensionless 0.2325
Xs Initial mass fraction of sulphur in solid phase Dimensionless [0.001, 0.3]
Xv Initial mass fraction of vapour in gas phase
(normally taken to be mass fraction in air)
Dimensionless ½0:006; 0:12
ðd=s2Þjew¼0 Mean value of the tortuosity factor in the dry
material
Dimensionless 0.67
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